We study weak gravitational lensing of galaxy clusters in terms of the MOND (MOdified Newtonian Dynamics) theory. We calculate shears and convergences of background galaxies for three clusters (A1689, CL0024+1654, CL1358+6245) and the mean profile of 42 SDSS (Sloan Digital Sky Survey) clusters and compare them with observational data. The mass profile is modeled as a sum of X-ray gas, galaxies and dark halo. For the shear as a function of the angular radius, MOND predicts a shallower slope than the data irrespective of the critical acceleration parameter g 0 . The dark halo is necessary to explain the data for any g 0 and for three interpolation functions. If the dark halo is composed of massive neutrinos, its mass should be heavier than 2 eV. However the constraint still depends on the dark halo model and there are systematic uncertainties, and hence the more careful study is necessary to put a stringent constraint.
Introduction

MOND (MOdified Newtonian Dynamics)
1 is a theoretical alternative to Newtonian dynamics, proposed by Milgrom (1983) . The theory itself strengthens gravitational force at large distances (or small accelerations) to explain galactic dynamics without dark matter. The equation of motion is changed if the acceleration is lower than the critical value g 0 ≃ 1×10
−8 cm/s 2 . It is well known that this theory can explain galactic rotation curves with only one free parameter: the mass-to-light ratio (see review Sanders & McGaugh 2002) . There are two motivations to study such an alternative theory: (i) General Relativity (GR) has not been tested accurately at much larger scale than 1 AU (ii) dark matter particles have not been directly detected and their nature still eludes us. Under these circumstances, several authors have recently studied alternative theories to GR (e.g. Aguirre 2003) . Bekenstein (2004) recently proposed a rel-ativistic covariant formula of MOND (called TeVeS) by introducing several new fields and parameters. Following this, many authors began discussing relativistic phenomena such as parameterised Post-Newtonian formalism in the solar system (Bekenstein 2004) , gravitational lensing (e.g. Zhao et al. 2006) , cosmic microwave background and large scale structure of the Universe (Slosar et al. 2005; Skordis 2005; Skordis et al. 2006) . In this paper, we discuss weak gravitational lensing of galaxy clusters. Weak lensing provides an important observational method with which to test MOND. This is because weak lensing probes the lens potential outside of the Einstein radius, r E ∼ (M D) 1/2 , where the acceleration is less than g 0 . Since g 0 ≈ H 0 /6, the Einstein radius r E is a few times smaller than the MOND radius r M , by a factor 2 at least, in the cosmological situation. Hence, we can test the MOND-gravity regime by weak lensing.
Weak lensing is superior to X-rays as a means of probing the outer region of clusters. The lensing signal (strength of the shear) is proportional to the surface density Σ. On the other hand, the X-ray luminosity is proportional to the density squared ρ 2 and hence X-rays can probe the inner regions of clusters. Hence, the outer region of the clusters can be probed with weak lensing.
The gravitational lensing in MOND has been studied by many authors. Before Bekenstein proposed the relativistic formula, some assumptions were made 2 to calculate the lensing quantities (Qin et al. 1995; Mortlock & Turner 2001a; 2001b; White & Kochanek 2001; Gavazzi 2002) . Just after Bekenstein's proposal, Chiu et al. (2006) and Zhao et al. (2006) first studied the lensing in detail and tested MOND with strong lensing data of galaxies. Zhao and his collaborators studied the gravitational lens statistics (Chen & Zhao 2006 ) and investigated a nonspherical symmetric lens (Angus et al. 2006) . Recently, Clowe et al. (2006) indicated that a merging cluster 1E 0657-558 cannot be explained by MOND because the weak lensing mass peak is 8σ spatial offset from the baryonic peak (= mass peak of X-ray gas). However, Angus et al. (2007) noted that MOND can explain the data if the neutrino halo is included.
In this paper, we study three clusters (A1689, CL0024+1654, CL1358+6245) and mean profile of 42 SDSS (Sloan Digital Sky Survey) clusters. We calculate shears and convergences for these clusters and compare them with the observational data. We perform a χ 2 fit of the data to give a constraint on the dark halo profile and the neutrino mass. Throughout this paper, we use the units of c = G = 1.
Basics
We briefly review the basics of gravitational lensing based on the relativistic MOND theory for a spherically symmetric lens model. Detailed discussions are given in Bekenstein (2004) and Zhao et al. (2006) .
When a light ray passes through a lens with the impact parameter b, the deflection angle is
where l is the distance along the light path and r is the distance from the lens center, r = √ l 2 + b 2 (see Fig.1 ).
The gravitational force due to the lens is
where g N is the usual Newtonian acceleration and M (< r) is the lens mass enclosed inside a radius r. We use a standard interpolation function
The lens equation is
Here, θ s and θ(= b/D L ) are the angular positions of the source and the image, and D L , D S and D LS are the angular diameter distances between the observer, the lens and the source. 4 The shear γ and the convergence κ are given by,
We note that if the mass increases as M ∝ r p with p ≥ 0, the shear and the convergence decrease 3 We also examine other interpolation functions to study its dependence in section 4. 
from Eqs. (1)-(4). The slopes of γ and κ for g ≫ g 0 are steeper than that for g ≪ g 0 . This is because the gravitational force is proportional to g
1/2
N for g ≪ g 0 , and hence the force decreases more slowly at larger distances. Comparing the slope in Eq. (5) with the observational data, we can test MOND.
Analysis with Cluster Data
We calculate the shear γ and the convergence κ based on the MOND theory for the three clusters, A1689, CL0024+1654, CL1358+6245, and the mean profile of 42 SDSS clusters. The mass profiles of these clusters have been measured by gravitational lensing for a wider range of angular diameters, and hence these clusters are an appropriate system to investigate the angle-dependence of the shear and the convergence.
A1689
Several authors have been studying the mass profile of the rich cluster A1689 at z = 0.183 5 by strong and weak lensing, X-ray emission of gas, and dynamics of cluster members (e.g. Limousin et al. 2006 and references therein). The analysis of lensing data shows a small ellipticity (ǫ = 0.06 in Halkola et al. 2006 ) and supports the assumption of quasi-circular symmetry (Umetsu, Takada & Broadhurst 2007 ). Andersson & Madejski (2004) provided the hot gas mass profile (40kpc < r < 1Mpc) directly determined by X-ray observational data of the XMM-Newton telescope. Zekser et al. (2006) gave the galaxy mass profile (20kpc < r < 260kpc) from the surface brightness profile, assuming the constant mass-to-light ratio 8M ⊙ /L ⊙ (B-band). Fig.2(a) shows the mass profiles of the gas (dotted), the galaxies (dashed), and the sum of them (solid line). We also show the dark halo profile which will be needed to match the observational data (we will discuss this later). g N = g 0 (denoted by a horizontal dotted line) is 100 kpc for the gas + galaxies and is at 1000 kpc if the dark halo is added. Broadhurst et al. (2005a) measured the distortions of 6000 red galaxies over 1 ′ < θ < 20 ′ by the wide field camera, Suprime-Cam, of the Subaru telescope. Panel (c) shows their results, reduced shear profile γ/(1−κ). The mean source redshift is z s = 1±0.1 based on a photo-z estimation for deep field data. The solid line is the MOND theoretical prediction with z s = 1. The gravitational source is only baryonic component (gas + galaxies). We note that for θ < 10 ′ the solid line is clearly smaller than the data. This indicates that the gravitational force is too weak to explain the data. In order to solve this discrepancy, we need a very high mass-to-right ratio ∼ 200M ⊙ /L ⊙ 6 . Even if the critical acceleration value g 0 increases, the discrepancy could not be resolved. In this case, the amplitude of the shear increases but the slope is too shallow to fit the data. MOND predicts shallower slope than γ ∝ θ −1 for g < g 0 (since p ≥ 0 in Eq. (5)), while the data in panel (c) clearly shows a steeper slope than this. Hence MOND cannot explain the data for any mass model and any acceleration parameter g 0 in the low acceleration region g < g 0 .
We comment on the dependence of the source redshift z s on the above results. The quantities γ and κ depend on z s through a combination of (3) and (4). Hence these slopes are independent of z s and the above results do not change. Furthermore the quantity D LS /D S is not sensitive to z s for relatively low lens redshift (z = 0.183 for this cluster).
Previously, Aguirre, Schaye & Quataert (2001) , Sanders (2003) , and Pointecouteau & Silk (2005) reached the same conclusion as ours by studying temperature profiles of clusters. They indicated that the temperature data near the core is higher than the MOND prediction. Sanders (2003) noted that if the dark matter core were added, this discrepancy could be resolved. Following the previous studies, we include the dark halo to explain the observational data. We use the dark halo with a flat core :
Here r 0 is the core radius and the density steeply decreases with proportional to r −4 for r > r 0 : ρ ∝ (r + r 0 ) −4 . We perform a χ 2 fit of the data in order to determine the parameters M 0 and r 0 . We also use the strong lens data (convergence field κ) from Broadhurst (2005b) in panel (d) in order to put a strong constraint on the core radius. They constructed the convergence field at 0.08 ′ < θ < 1.4 ′ from 106 multiply images of 30 background galaxies by Hubble Space Telescope Advanced Camera for Surveys. The χ 2 is given by
i where x i is the reduced shear γ/(1 − κ) and the convergence κ at the i-th angle, x data i is the data and σ i is the standard deviation. The best fitted model is
15 M ⊙ and r 0 = 174 ± 11 kpc. These relative errors are less than 10% because of combining the strong and weak lensing data. The minimized χ 2 -value per degree of freedom (dof) is χ 2 min /dof = 14.7/26. The results are insensitive to the mass-to-light ratio. As shown in panels (c) and (d), this model (dashed line) fits the data well. The dashed line in panel (c) is steeper than the solid line, since θ < 5 ′ (↔ r < 1000kpc) is the high acceleration region g > g 0 from panel (b) and hence the slope is steeper, as can be seen in Eq.(5).
We also try to fit the data by the other halo profiles : Navarro-Frenk-White (NFW) model ρ ∝ r(r + r 0 )
−2 , Hernquist model ρ ∝ r(r + r 0 ) −3 , isothermal (IS) with a core ρ ∝ 1/(r 2 + r 2 0 ). The minimum χ 2 min are 29.8 for NFW, 22.6 for Hernquist, and 49.6 for IS with core which are larger than 14.7 for our model in Eq.(6). This is because the convergence data favor a flat core and the shear data favor a steeply decreasing profile.
CL0024+1654
CL0024 is a rich cluster at z = 0.395 (1 ′ corresponds to 320 kpc) with a velocity dispersion of 1200km s −1 (Dressler & Gunn 1992) . Fig.3 (a) shows the mass profiles of the gas determined by the XMM-Newton telescope (Zhang et al. 2005) , the galaxies with a mass-to-right ratio 8M ⊙ /L ⊙ (K-band) (Kneib et al. 2003) , and the dark halo. For the larger radius > 2 Mpc the baryonic mass exceeds the dark halo mass. This is because we extrapolate the gas profile (fitted by isothermal β model for r 1 Mpc) to the larger radius. Kneib et al. (2003) provided the reduced shear profile up to 10 ′ measured by the Hubble Space Telescope as shown in panel (c). The mean source redshift is z s = 1.15. We also use a constraint from an angular position of Einstein radius at 27 ′′ (denoted by a black square ) based on an observation of giant arcs of distant galaxy at z = 1.675 (Smail et al. 1996; Broadhurst et al. 2000) . The angular position of arcs is used to set a constraint on the enclosed mass within 27 ′′ (= 140 kpc). Similar to the previous case of A1689, for θ < 10 ′ the solid line is smaller than the data, and we need the ∼ 30M ⊙ /L ⊙ to solve this discrepancy. The best fitted halo model is M 0 = (2.0 ± 0.4) × 10 14 M ⊙ and r 0 = 42 ± 15 kpc in Eq.(6) with χ 2 min /dof = 5.6/7. We caution that the core radius in the best fitting model r 0 = 42 ± 15 is smaller than the inner most data point (27 ′′ = 140 kpc), and hence this result has little meaning. It only means that the enclosed mass is ∼ M 0 inside of 140 kpc.
CL1358+6245
The redshift of CL1358 is z = 0.33 and 1 ′ corresponds to 280 kpc. Fig.3(a) shows the mass distribution of the gas (Arabadjis et al. 2002) , the galaxies with a mass-to-right ratio 8M ⊙ /L ⊙ (Vband) (Hoekstra et al. 1998) , and the dark halo. Hoekstra et al. (1998) presented the reduced shear profile (θ < 4 ′ ) measured by HST as shown in panel (c). They fitted the data by the isothermal sphere model with the velocity dispersion of 780 ± 50 km/s. The solid line is the MOND prediction with D LS /D S = 0.62. We need the ∼ 30M ⊙ /L ⊙ to fit the data if we assume only baryonic components. The best fitted model is M 0 = (6.9 ± 2.8) × 10 13 M ⊙ and with r 0 = 69 ± 31 kpc with χ 2 min /dof = 4.5/7. Same as the case for CL0024, the core radius is smaller than the inner most data point. Although the discrepancy between the MOND prediction and the data is not so large in comparison with the previous cases, the dark halo model is better. The mass profiles of the gas (dotted line), the galaxies (dot-dashed line), the gas + galaxies (solid line), and the dark halo (dashed line). The quantity M (< r) is the mass enclosed within the radius r. The top right panel (b): The Newtonian gravitational acceleration g N normalised to g 0 for only baryonic components (gas + galaxies) (solid line) and all components (dark halo is added) (dashed line). The left bottom panel (c): The reduced shear γ/(1 − κ) as a function of the angular radius. The data is from Broadhurst et al. (2005a) . The solid line is the MOND prediction. On the dashed line, the dark halo is added. The right bottom panel (d): The convergence field κ from Broadhurst (2005b) . From panels (c) and (d), the MOND cannot explain the data unless the dark halo is added, because the gravitational force is too weak near the core. shown in Fig.5 . The vertical axis is Σ cr γ, where
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is the critical surface density, and the horizontal axis is the projected radius 7 . Here, Σ cr γ does not depend on the source redshift. The data is well fitted by a power law with index −0.9 ± 0.3 (Sheldon et al. 2001 ). On the solid and dotted lines, we consider only the gas component, given by the isothermal beta model:
with β = 0.6, r c = 100 kpc, ρ 0 /ρ cr = 8000 (solid line) and 800 (dotted line), here ρ cr is the critical density at the present. As shown in the figure, the fit is poor. This is because the slope of the shear is −3β/2 + 1/2 = −0.4 for g < g 0 and it is flatter than the data. The dashed line is the dark halo model (given in Eq. (6)). The best fitted model is M 0 = (3.8 ± 1.1) × 10 13 M ⊙ and r 0 = 75 ± 34kpc with χ 2 min /dof = 10.0/7. The dashed line fits the data well.
Limit on Neutrino Mass
In previous studies, several authors assumed a massive neutrino with a mass of ∼ 2 eV as the dark matter to explain the observational data (e.g. Sanders 2003; Skordis et al. 2006) . In this section, we put a constraint on its mass from the weak lensing of clusters.
The neutrino oscillation experiments provide the mass differences between different species : ∆m 2 ν
10
−3 eV 2 . Here we consider massive neutrinos whose masses are much heavier than ∆m ν and assume they are degenerate: they have (almost) the same mass, independent of species. Using the maximum phase space density h −3 , the maximum density of the neutrino dark halo is given by (Tremaine & Gunn 1979; Sanders 2003; 2007) 8 ,
The quantity Σcrγ is related to the surface density of the lens in GR : Σcrγ =Σ(≤ R) − Σ(R). 8 Sanders (2007) recently revised his calculation and gave a correct maximum density which is ∼ 3 times larger than the previous value in Sanders (2003) . Here, we adopt the revised model.
where T is the X-ray temperature : 9.0 ± 0.1 keV for A1689 (Andersson & Madejski 2004) , 3.5 ± 0.2 keV for CL0024 (Zhang et al. 2005) , and 7.2 ± 0.1 keV for CL1358 (Arabadjis et al. 2002) . For A1689, the core density of the neutrino halo is ρ c = 3M 0 /(4πr 3 0 ) from Eq.(6). For CL0024 and CL1358, as we noted, the core radius r 0 in the best fitting model is smaller than the inner most data point. Hence, in order to put a conservative bound, we use the mean density inside the second innermost data point r 2 , ρ 2 ≡ ρ(< r 2 ) = 3M (< r 2 )/(4πr 3 2 ). Since ρ 2 < ρ c , we obtain a lower bound of m ν from Eq.(8). The results of ρ c and ρ 2 are shown in Table 1 . The lower row in each cluster is the case of another halo model M (< r) = r 3 /(r 3 + r 3 0 ) instead of Eq.(6). We try out this model in order to study the halo model dependence. For A1689 ρ 0 changes by a factor ∼ 5, and hence it depends on the halo profile. However for other clusters ρ 0 changes slightly (less than a factor 2), because there are no data point near the core radius r 0 and only M 0 is determined through the amplitude of the shear.
In Fig.6 we show the density ρ 0 vs. the temperature T to put a constraint on the neutrino mass. The dashed lines correspond to neutrino mass in Eq.(8). From the figure, the minimum neutrino mass is 2 − 3 eV for CL0024 and CL1358. The above results are consistent with the previous Xray measurements (Sanders 2003; Sanders 2007 ). Since the current limit is m ν < 2 eV from tritium β decay 9 , these values are comparable to or larger than this limit.
The mean density inside the innermost, not second innermost, data point is much higher than ρ 2 . The neutrino masses are 5 − 6 eV for CL0024 and 3 − 5 eV for CL1358 in this case. Hence there is an ambiguity about the definition of the central density for these clusters.
The core density of A1689 is highest and the minimum neutrino mass reaches 4−6 eV. To check our result, we compare the core density with the previous studies in GR. Since g N ∼ 10 × g 0 for r < r 0 from Fig.2(b) , GR is valid near the core. Halkola et al. (2006) gave central mass distribution by analyzing 107 multiple images of 32 background galaxies. Their mass distribution is consistent with Broadhurst et al. (2005b) (see Fig.17 of Halkola et al. (2006) ). From a velocity dispersion of 1450 km/s and the core radius 77 kpc, the core density is ρ c = 0.01M ⊙ /pc 3 . This is roughly consistent with our result. Allen (1998) suggests that the lensing core mass is generally a few times larger than X-ray core mass for non-cooling flow clusters (see also Clowe & Schneider 2001 in the case for A1689). Some ideas are proposed to explain the discrepancies : clusters are not in dynamical equilibrium, nonthermal pressure such as turbulent and magnetic pressure plays an important role, elongation of the cluster or substructures along a line-of-sight (e.g. Hattori, Kneib & Makino 1999) . In fact, Lokas et al. (2006) show that A1689 is surrounded by a few substructures aligned along a line-of-sight, by studying the galaxy kinematics. CL0024 has a second mass clump which is separated at 3 ′ from the center and has 30% of total cluster mass (Kneib et al. 2003) . These systematics would affect our results and change the neutrino mass limit by factor (since m ν is not very sensitive to ρ c , m ν ∝ ρ 1/4 c from Eq. (8)).
Results by Other Interpolation Functions
So far, we used a standard interpolation functionμ(x) = x/ √ 1 + x 2 alone. However the standardμ is not consistent with TeVeS (Bekenstein 2004) . In this section, we also examine other interpolation functions, Bekenstein's toy model in TeVeSμ(x) = 4x/(1 + √ 1 + 4x) 2 and simple modelμ(x) = x/(1 + x) in Famaey & Binney (2005) , in order to study the robustness of our results. Since the clusters have g N ≈ g 0 from Figs.2-4 (b), our conclusions may depend on the choice ofμ.
In Fig.7 , we show the MOND predication for A1689 for the three types ofμ(x). The solid line is the standard model, the dashed line is the Bekenstein's toy model (B04), and the dotted line is the Famaey & Binney's model (FB). The standard model predicts the lowest value, becauseμ(x) is highest at x ∼ 1. B04 and FB show several times 10% higher values than the standard model.
The minimum neutrino mass only ∼ 10% changes and the choice ofμ is not crucial. Note.-The best fitting parameters M 0 and r 0 . The density ρ 0 is the core density ρ c for A1689 and the mean density inside the second innermost data point ρ 2 for the others. The upper row is the case of the halo profile M (< r) = M 0 r 3 /(r + r 0 ) 3 given in Eq.(6), while the lower row is M (< r) = M 0 r 3 /(r 3 + r 3 0 ). 
Conclusion
We have studied the weak lensing of galaxy clusters in MOND. We calculate the shears and the convergences of the background galaxies for three clusters (A1689, CL0024, CL1358) and the mean profile of 42 SDSS clusters, and compare them with the observational data. It turns out that the MOND cannot explain the data irrespective of g 0 unless a dark matter halo is added. We also examine the three types of interpolation function, but the conclusion does not change. The above results are consistent with those of previous studies (e.g. Aguirre, et al. 2001; Sanders 2003) . If the dark halo is composed of massive neutrinos, its minimum mass is 4 − 6 eV for A1689 and 2 − 3 eV for CL0024 and CL1358. However our results still depends on the dark halo model and inner data points. In addition, there are some systematic uncertainties such as an elongation of cluster along line-of-sight. These effects would reduce the minimum mass by a factor of ∼ 2. In conclusion, the more careful study is necessary to put a stringent constraint, for example, a combination of the weak and strong lensing, X-ray gas and galaxy dynamics. However, it is beyond the scope of this paper and we will study as an future work. Even so, at present, we find that there is some tension between the lower bound of neutrino mass in neutrino dark halo model in MOND and the upper bound by experiments.
